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Abstract
The static Coulomb potential energy between the electron and positron at rest separated by a
large distance R obtained from the Wilson loop in QED is same as the Coulomb potential energy
obtained in the classical Maxwell theory. Since the Yang-Mills theory was discovered by making
analogy with the Maxwell theory by extending U(1) group to the SU(3) group one finds by making
analogy with the QED that the QCD potential energy between the quark and antiquark at rest
separated by a large distance R obtained from the Wilson loop in QCD is the same potential
energy obtained in the classical Yang-Mills theory. This implies that the static QCD potential
energy V (R) obtained at the large separation distance R in the literature is not consistent with the
classical Yang-Mills theory because the potential energy V (T,R) in the classical Yang-Mills theory
is time T dependent even if the quark and antiquark are at rest. In this paper we find the correct
definition of the QCD potential energy V (T,R) from the Wilson loop in QCD which, at the large
separation distance R, is consistent with the classical Yang-Mills theory.
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I. INTRODUCTION
The Yang-Mills theory [1] was discovered in the year 1954 which is an extension of the
U(1) gauge theory [Maxwell theory] to the SU(3) gauge theory. The quantization of the
classical Yang-Mills theory led to the quantum chromodynamics (QCD). The QCD is a
fundamental theory of the nature which describes the interaction between the quarks and
gluons. The quarks and gluons are the fundamental particles of the nature which exist inside
the hadron (such as inside the proton and neutron etc.).
The QCD is a renormalizable theory [2]. Due to the asymptotic freedom in the renormal-
ized QCD [3] the QCD coupling becomes small at the small distance and becomes large at
the large distance. Hence the short distance (high momentum transfer) partonic scattering
cross section can be calculated by using the perturbative QCD (pQCD). Using the factor-
ization theorem in QCD [4–6] the hadronic cross section at the high energy colliders can
be calculated from the partonic cross section by using the experimentally extracted parton
distribution function (PDF) and fragmentation function (FF).
The hadron formation from the quarks and gluons is a long distance phenomenon in QCD
where the coupling becomes large. Hence the pQCD cannot be applied to study the hadron
formation from the quarks and gluons. The non-perturbative QCD is necessary to study
the hadron formation from quarks and gluons. However, the analytic solution of the non-
perturbative QCD is not known yet due to the presence of the cubic and quartic gluon field
terms in the QCD lagrangian [see section IV]. Due to this reason the lattice QCD method
is used to study the hadron formation from the quarks and gluons.
Note that even if the Yang-Mills theory was discovered in the year 1954 [1] the exact
form of the Yang-Mills potential Adν(x) is not known yet where ν = 0, 1, 2, 3 is the Lorentz
index and d = 1, ..., 8 is the color index. This is in contrast to the Maxwell theory where the
exact form of the Maxwell potential [the electromagnetic potential] Aν(x) is known. Since
the exact form of the Coulomb potential [the electric potential] A0(x) is known it is widely
used to study the atomic bound states in the Bohr’s atomic model and in the Schrodinger
equation. Hence the exact form of the Yang-Mills potential Adν(x) will be useful to study
the bound state hadron formation from the quarks. Because of this reason it is desirable to
obtain the exact form of the Yang-Mills potential Adν(x). Note that the color potential also
plays an important role to study the quark-gluon plasma at RHIC and LHC [7–10].
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Recently we have found the general form of the color potential [the Yang-Mills potential]
Adν(x) produced by the color charge q
a(t) of the quark [11]. We have found that the general
form of the color potential [the Yang-Mills potential] Adν(x) produced by the color charge
qa(t) of the quark at rest is given by [11]
Φd(t, ~x) = Ad0(t, ~x) =
qb(t− r)
r

exp[g ∫ drQ(t−r)r ]− 1
g
∫
drQ(t−r)
r


db
, Qdb(t) = f
dbaqa(t), ~Ad(t, ~x) = 0
(1)
where
∫
dr is an indefinite integration and r = |~x − ~X| with ~X being the position of the
quark at rest. In this paper we use the natural unit.
For constant color charge qa we find from the above equation Φa(r) = Aa0(r) =
qa
r
which
is Coulomb-like potential. However, this Coulomb-like potential Φa(r) = Aa0(r) =
qa
r
is not
a potential in the Yang-Mills theory because the constant color charge qa produces abelian-
like color current density jaµ(x) which satisfies the continuity equation ∂
νjaν (x) = 0 similar
to that in abelian-like theory. Since the Yang-Mills color current density jaµ(x) satisfies the
equation
Dν [A]jbν(x) = 0, D
bd
ν [A] = δ
bd∂ν + gf
badAaν(x) (2)
we find that the color charge qa(t) of the quark in the Yang-Mills theory is time dependent
[11, 12].
From eq. (1) we find that the color potential [the Yang-Mills potential] Aa0(t, ~x) produced
by the color charge qa(t) of the quark in the classical Yang-Mills theory is time dependent
even if the quark is at rest. This is a consequence of the time dependent color charge
qa(t) of the quark. This implies that the potential energy V (T,R) between the static quark
and antiquark separated by a large distance R in the classical Yang-Mills theory is time T
dependent even if the quark and antiquark are at rest [see section II for details].
This is in contrast to the present literature where the QCD potential energy V (R) between
static quark and antiquark separated by a large distance R obtained by the expectation of
the Wilson loop in QCD is defined to be time T independent, i. e., it is defined to be V (R)
instead of V (T,R).
It should be mentioned here that the Yang-Mills theory was discovered by making analogy
with the Maxwell theory by extending U(1) group to SU(3) group [1, 11]. The static Coulomb
potential energy between the electron and positron at rest separated by a large distance R
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obtained from the expectation of the Wilson loop in QED is same as the Coulomb potential
energy obtained in the classical Maxwell theory [see section III for details]. Since the Yang-
Mills theory was discovered by making analogy with the Maxwell theory by extending U(1)
group to the SU(3) group [1, 11] one finds by making analogy with the QED that the QCD
potential energy between the quark and antiquark at rest separated by a large distance
R obtained from the expectation of the Wilson loop in QCD is the same potential energy
obtained in the classical Yang-Mills theory. This implies that the static QCD potential
energy V (R) obtained at the large separation distance R in the literature is not consistent
with the classical Yang-Mills theory because the potential energy V (T,R) in the classical
Yang-Mills theory is time T dependent even if the quark and antiquark are at rest.
In this paper we obtain the correct definition of the QCD potential energy V (T,R) from
the expectation of the Wilson loop in QCD which, at the large separation distance R,
is consistent with the classical Yang-Mills theory. We find that the correct definition of
the QCD potential energy V (T,R) at the large separation distance R obtained from the
expectation of the Wilson loop in QCD is given by
V (T,R) = −
d
dT
ln
[
[
< WC [T
′ + T,R] >
< WC [T ′, R] >
]T ′→∞
]
(3)
where
WC [T,R] = TrPe
igT d
∮
C
dxν Aˆdν(x) (4)
is the gauge invariant Wilson loop in QCD [13] along the closed path C of spatial extension
R = | ~X1 − ~X2| with ~X1 ( ~X2) being the position of the quark (antiquark) at rest, T being
the temporal extension of the closed path C and Aˆdν(x) is the gluon field. Note that we have
used the notation Adν(x) for the classical Yang-Mills field and the notation Aˆ
d
ν(x) for the
gluon field (note the hat on the gluon field). In eq. (3) the expectation of the Wilson loop
in QCD is given by
< WC [T,R] >=
∫
[dAˆ]×WC [T,R]× det[
δ∂ν Aˆbν
δωc
]× exp[i
∫
d4x[−1
4
Fˆ dνλ(x)Fˆ
νλd(x)− 1
2α
[∂νAˆdν(x)]
2]]∫
[dAˆ]det[ δ∂
ν Aˆbν
δωc
]× exp[i
∫
d4x[−1
4
Fˆ dνλ(x)Fˆ
νλd(x)− 1
2α
[∂νAˆdν(x)]
2]]
(5)
where WC [T,R] is given by eq. (4), the α is the gauge fixing parameter and
Fˆ dνλ(x) = ∂νAˆ
d
λ(x)− ∂λAˆ
d
ν(x) + gf
dbaAˆbν(x)Aˆ
a
λ(x) (6)
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is the non-abelian gluon field tensor. In eq. (5) we have used the covariant gauge fixing
Gaf(x) = ∂
νAˆaν(x) but it can be done in any arbitrary gauge fixing G
a
f (x).
Hence we find that the time dependent potential energy between static quark and an-
tiquark separated by a large distance is due to the non-zero fabc in the Yang-Mills theory.
This can be seen from eqs. (2) and (1) as follows. When all the fabc are zero then we find
from eq. (2) that the color charge qa is constant which gives from eq. (1) the Coulomb-like
potential Φa(r) = Aa0(r) =
qa
r
which is independent of time. Hence the time dependent
potential energy between static quark and antiquark separated by a large distance is due to
the non-zero fabc in the Yang-Mills theory. This implies that the correct definition of the
QCD potential energy at the large separation distance obtained from the Wilson loop in
QCD in eq. (3) must include the fabc term in the non-abelian gluon field tensor Fˆ dνλ(x) in
eq. (6) in the path integration in eq. (5).
In this paper we will provide a derivation of eq. (3).
The paper is organized as follows. In section II we discuss the time dependent potential
energy of the static quark and antiquark separated by a large distance R in the classical
Yang-Mills theory. In section III we discuss the QED potential energy from the expectation
of the Wilson loop in QED. In section IV we obtain the correct definition of the QCD
potential energy V (T,R) from the expectation of the Wilson loop in QCD which, at the
large separation distance R, is consistent with the classical Yang-Mills theory. Section V
contains conclusions.
II. TIME DEPENDENT POTENTIAL ENERGY OF STATIC QUARK AND AN-
TIQUARK SEPARATED BY A LARGE DISTANCE IN YANG-MILLS THEORY
In this section we will discuss the time T dependent potential energy V (T,R) of the static
quark and antiquark separated by a large distance R in the classical Yang-Mills theory.
Let us first discuss the time independent potential energy V (R) of the static electron and
positron separated by a large distance R in the classical Maxwell theory before proceeding
to the time dependent potential energy V (T,R) of the static quark and antiquark separated
by a large distance R in the classical Yang-Mills theory. Note that although the form of the
static potential energy (Coulomb potential energy) in the classical Maxwell theory is well
known but we will repeat its derivation here because we will follow the similar procedure
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for the classical Yang-Mills theory in section IIB.
A. Static potential energy (Coulomb Potential Energy) of electron and positron
at rest separated by a large distance in Maxwell theory
Consider a system in the classical Maxwell theory where the positron at rest is at the
position ~X1 having charge +e and the electron at rest is at the position ~X2 having charge
−e separated by a large distance R given by
R = | ~X1 − ~X2|. (7)
The total charge of the system is zero but the charge density is not zero.
The Maxwell equation is given by
∂µF
µλ(x) = jλ(x), ∂µFνλ(x) + ∂νFλµ(x) + ∂λFµν(x) = 0 (8)
where
Fµλ(x) = ∂µAλ(x)− ∂λAµ(x) (9)
is the electromagnetic field tensor, jµ(x) is the electromagnetic current density and Aµ(x)
is the electromagnetic potential.
Since the electron and positron are at rest in the above system we find
~j(x) = 0, ~A(x) = 0, ~B(x) = 0 (10)
where ~B(x) is the magnetic field. From eqs. (8), (9) and (10) we find
~∇ · ~E(x) = ρ(x) = j0(x), ~∇× ~E(x) = 0, ~E(x) = −~∇A0(x) (11)
where ρ(x) is the charge density which is non-zero.
The total interaction energy in this system is given by
V (t) =
1
2
∫
d3xρ(t, ~x)A0(t, ~x) =
1
2
∫
d3x~E(t, ~x) · ~E(t, ~x) +
1
2
∫
d3x~∇ · [ ~E(t, ~x)A0(t, ~x)].(12)
The zeroth component of the electromagnetic potential A0(t, ~x) at any position ~x in this
system is given by
A0(t, ~x) =
e
|~x− ~X1|
−
e
|~x− ~X2|
. (13)
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From eq. (11) we find
ρ(x) = −~∇2A0(x) (14)
which by using eq. (13) gives
ρ(t, ~x) = eδ(3)(~x− ~X1)− eδ
(3)(~x− ~X2). (15)
Since A0(t, ~x) in eq. (13) is time independent and ρ(t, ~x) in eq. (15) is time independent
we find from eq. (12) that the total interaction energy in this system is time independent
which is given by
V =
1
2
∫
d3xρ(t, ~x)A0(t, ~x). (16)
By using eqs. (13) and (15) in (16) we find [by neglecting the infinite self interaction energies]
that
V (R) = −
e2
R
, R = | ~X1 − ~X2| (17)
which is the static potential energy (Coulomb potential energy) between the electron and
positron at rest separated by a large distance R in the classical Maxwell theory.
B. Time dependent potential energy of static quark and antiquark separated by
a large distance in Yang-Mills theory
Consider a system in the classical Yang-Mills theory where the quark is at rest at the
position ~X1 and the antiquark is at rest at the position ~X2 separated by a large distance
R = | ~X1 − ~X2|.
The Yang-Mills equation is given by
Dν [A]F
νλb(x) = jλb(x), Dµ[A]F
b
νλ(x) +Dν [A]F
b
λµ(x) +Dλ[A]F
b
µν(x) = 0 (18)
where
F bµλ(x) = ∂µA
b
λ(x)− ∂λA
b
µ(x) + gf
bcdAcµ(x)A
d
λ(x) (19)
is the Yang-Mills field tensor, jbµ(x) is the color current density, A
b
µ(x) is the Yang-Mills
potential [the color potential] and Dbdν [A] is the covariant derivative given by eq. (2).
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Since the quark and antiquark are at rest in the above system we find from eq. (19) and
(1) that
~Ad(x) = 0, ~Bd(x) = 0 (20)
where ~Ba(x) is the chromo-magnetic field. From eqs. (18), (19) and (20) we find
~∇ · ~Ed(x) = ρd(x) = jd0(x), ~∇× ~E
d(x) = 0, ~Ed(x) = −~∇Ad0(x) (21)
where ~Ea(x) is the chromo-electric field and ρa(x) = ja0 (x) is the color charge density.
From eq. (1) we find for the quark and antiquark at rest by using ~∇ · ~Ea(x) = ρa(x) =
ja0 (x) as given by eq. (21) that
~Ed(t, ~x) = rˆ1
qb(t− r1)
r21

exp[g
∫
dr1
Q(t−r1)
r1
]− 1
g
∫
dr1
Q(t−r1)
r1


db
−
rˆ1
r1
dqb(t− r1)
dr1

exp[g
∫
dr1
Q(t−r1)
r1
]− 1
g
∫
dr1
Q(t−r1)
r1


db
−
rˆ1
r21
qa(t− r1)



exp[g
∫
dr1
Q(t−r1)
r1
]− 1
g
∫
dr1
Q(t−r1)
r1


dc
gf cap +

exp[g
∫
dr1
Q(t−r1)
r1
]− 1
g
∫
dr1
Q(t−r1)
r1


ca
gf cdp



 1
g
∫
dr1
Q(t−r1)
r1


pb
qb(t− r1)
−rˆ2
qb(t− r2)
r22

exp[g
∫
dr2
Q(t−r2)
r2
]− 1
g
∫
dr2
Q(t−r2)
r2


db
+
rˆ2
r2
dqb(t− r2)
dr2

exp[g
∫
dr2
Q(t−r2)
r2
]− 1
g
∫
dr2
Q(t−r2)
r1


db
+
rˆ2
r22
qa(t− r2)



exp[g
∫
dr2
Q(t−r2)
r2
]− 1
g
∫
dr2
Q(t−r2)
r2


dc
gf cap +

exp[g
∫
dr2
Q(t−r2)
r2
]− 1
g
∫
dr2
Q(t−r2)
r2


ca
gf cdp



 1
g
∫
dr2
Q(t−r2)
r2


pb
qb(t− r2) (22)
where
r1 = |~x− ~X1|, r2 = |~x− ~X2|. (23)
Similarly for the quark and antiquark at rest we find from eq. (22) by using ~Ea(x) =
−~∇Aa0(x) as given by eq. (21) that
Ad0(t, ~x) =
qb(t− r1)
r1

exp[g
∫
dr1
Q(t−r1)
r1
]− 1
g
∫
dr1
Q(t−r1)
r1


db
−
qb(t− r2)
r2

exp[g
∫
dr2
Q(t−r2)
r2
]− 1
g
∫
dr2
Q(t−r2)
r2


db
.
(24)
Note that
∫
dr1 and
∫
dr2 integrations are indefinite integrations in eqs. (22) and (24).
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Similar to eq. (12) the total interaction energy in this system of quark and antiquark at
rest is given by
V (t) =
1
2
∫
d3xρd(t, ~x)Ad0(t, ~x) =
1
2
∫
d3x~Ed(t, ~x) · ~Ed(t, ~x) +
1
2
∫
d3x~∇ · [ ~Ed(t, ~x)Ad0(t, ~x)].
(25)
Since ~Ea(t, ~x) in eq. (22) is time dependent and Aa0(t, ~x) in eq. (24) is time dependent we
find that
∫
d3x~Ea(t, ~x) · ~Ea(t, ~x)+
∫
d3x~∇· [ ~Ea(t, ~x)Aa0(t, ~x)] is time dependent which implies
from eq. (25) that V (t) is time dependent.
Similar to the total interaction energy in eq. (12) in the Maxwell theory which contains
the infinite self interaction energies [see eqs. (16) and (17)], the total interaction energy in
eq. (25) contains the infinite self interaction energies. Since the total interaction energy in
eq. (25) is time dependent we find by neglecting the infinite self energies that the potential
energy V (T,R) between the static quark and antiquark separated by a large distance R is
time T dependent in the classical Yang-Mills theory.
C. Conservation Of Energy Is Not Violated Due To Time Dependent Potential
Energy of Static Quark and Antiquark in Yang-Mills Theory
From the Yang-Mills equation we find from eqs. (22) and (24) for the quark and antiquark
at rest that
∂ ~Ed(t, ~x)
∂t
= gf dcbAc0(t, ~x)
~Eb(t, ~x) +~jd(t, ~x). (26)
From eq. (26) we find
~jb(t, ~x) 6= 0, for the quark and antiquark at rest (27)
which gives from eq. (26)
d[1
2
∫
d3x~Eb(t, ~x) · ~Eb(t, ~x)]
dt
=
∫
d3x~jb(t, ~x) · ~Eb(t, ~x). (28)
Eq. (28) is the statement of the conservation of energy in the Yang-Mills theory for the
quark and antiquark at rest where
∫
d3x~jb(t, ~x) · ~Eb(t, ~x) is the rate of work done which is
non-zero even if the quark and antiquark are rest.
Hence we find that the time dependent potential energy of the static quark and antiquark
does not violate the conservation of energy in the Yang-Mills theory.
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III. QED POTENTIAL ENERGY FROM THE EXPECTATION OF THE WIL-
SON LOOP
In this section we will discuss the QED potential energy from the expectation of the
Wilson loop in QED. Although the derivation of the QED potential energy from the ex-
pectation of the Wilson loop in QED is well known but we will present its derivation here
because we will follow the similar steps in the derivation of the QCD potential energy from
the expectation of the Wilson loop in QCD in the next section.
The Wilson loop in QED is given by
UC [T,R] = e
−ie
∮
C
dxνAˆν(x) (29)
where Aˆµ(x) is the photon field and C is a closed path of spatial extension R and temporal
extension T . Note that we have used the notation Aν(x) for the classical electromagnetic
field and the notation Aˆν(x) for the photon field (note the hat on the photon field). The
expectation of the Wilson loop is given by
< UC [T,R] >=< e
−ie
∮
C
dxµAˆµ(x) >=
∫
[dAˆ]e−ie
∮
C
dxµAˆµ(x) × ei
∫
d4x[− 1
4
Fˆνµ(x)Fˆ νµ(x)−
1
2α
[∂νAˆν(x)]2]∫
[dAˆ]ei
∫
d4x[− 1
4
Fˆνµ(x)Fˆ νµ(x)−
1
2α
[∂ν Aˆν(x)]2]
(30)
where α is the gauge fixing parameter and
Fˆνλ(x) = ∂νAˆλ(x)− ∂λAˆν(x). (31)
In eq. (30) we have used the covariant gauge fixing Gf(x) = ∂
νAˆν(x) but it can be done in
any arbitrary gauge fixing Gf(x).
The eq. (30) can be written as
< UC [T,R] >=< e
−ie
∮
C
dxµAˆµ(x) >=
∫
[dAˆ]ei
∫
d4x[− 1
4
Fνµ(x)F νµ(x)−
1
2α
[∂νAˆν(x)]2+jν(x)Aˆν(x)]∫
[dAˆ]ei
∫
d4x[− 1
4
Fνµ(x)F νµ(x)−
1
2α
[∂νAˆν(x)]2]
(32)
where
jν(x) = e
∮
C
dXνδ(4)(x−X) (33)
which satisfies the continuity equation
∂νj
ν(x) = 0. (34)
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Note that since the current density in eq. (33) satisfies the continuity equation as given by
eq. (34) one finds that the current density in eq. (33) is an admissible current density in
Maxwell theory which implies that the interaction term
∫
d4xjµ(x)Aµ(x) in eq, (32) is the
correct interaction action of the photon with the external current density jµ(x).
Hence the expectation of the Wilson loop in QED < e−ie
∮
C
dxµAˆµ(x) > in eq. (32) correctly
predicts the interaction energy of the photons with the external current density jµ(x) in eq.
(33).
By performing the path integration in eq. (32) we find in the Euclidean time
ln < UC [T,R] >= −
1
2
∫
d4xjν(x)
1
∂2
[gνµ + (α− 1)
1
∂2
∂ν∂µ]j
µ(x) (35)
which by using the continuity equation from eq. (34) gives
ln < UC [T,R] >= −
1
2
∫
d4xjν(x)
1
∂2
jν(x). (36)
From eq. (33) we find
jν(x) = e
∮
C
dT
dXν
dT
δ(4)(x−X) =
[∫
C1
dT −
∫
C2
dT
]
e
dXν
dT
δ(4)(x−X) (37)
where C1 and C2 are two paths which enclose the closed path C.
For d
~X
dT
= 0 we find from eq. (37) that
jν(x) = δν0eδ
(3)(~x− ~X1)− δν0eδ
(3)(~x− ~X2) (38)
which is same as eq. (15). By using eq. (38) in (36) we find [by neglecting the infinite self
interacting energies] that
V (R) = −
1
T
ln < UC [T,R] >= −
e2
R
, R = | ~X1 − ~X2| (39)
which is the Coulomb potential energy between the electron and position separated by a
large distance R which agrees with the corresponding result in the classical Maxwell theory
where < UC [T,R] > is given by eq. (30).
A. QED Potential Energy From Gauge Invariant Green’s Function in QED
Consider the gauge invariant operator in QED given by
O(X1, X2) = ψ¯(X2)UC1 [X2, X1]ψ(X1) (40)
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where ψ(x) is the Dirac field of the fermion in QED and UC1 [X1, X2] is the Wilson line given
by
UC1 [X2, X1] = e
−ie
∫ X2
X1
dxν Aˆν(x)
(41)
where C1 is the path joining the points X1 and X2.
Let us evaluate the vacuum expectation of the gauge invariant correlation function of the
type < 0|O(X1, X2)O(X3, X4)|0 > in QED where the gauge invariant O(X1, X2) is given by
eq. (40) and |0 > is the vacuum state of the full QED. We find
< 0|O(X1, X2)O(X3, X4)|0 >=< 0|ψ¯(X2)UC1 [X2, X1]ψ(X1)ψ¯(X4)UC2 [X4, X3]ψ(X3)|0 >
=
1
Z[0]
∫
[dAˆ][dψ¯][dψ]ψ¯(X2)UC1 [X2, X1]ψ(X1)ψ¯(X4)UC2 [X4, X3]ψ(X3)exp[i
∫
d4x[−
1
4
Fˆνµ(x)Fˆ
νµ(x)
−
1
2α
[∂νAˆν(x)]
2 + ψ¯(x)[i6 ∂ −m− eAˆ/(x)]ψ(x)]] (42)
which can be written as
< 0|ψ¯(X2)UC1 [X2, X1]ψ(X1)ψ¯(X4)UC2 [X4, X3]ψ(X3)|0 >
=
1
Z[0]
∫
[dAˆ]
δ
δη(X2)
UC1 [X2, X1]
δ
δη¯(X1)
δ
δη(X4)
UC2 [X4, X3]
δ
δη¯(X3)
exp[i
∫
d4x[−
1
4
Fˆνµ(x)Fˆ
νµ(x)
−
1
2α
[∂νAˆν(x)]
2]]×
∫
[dψ¯][dψ]exp[i
∫
d4x[ψ¯(x)[i6 ∂ −m− eAˆ/(x)]ψ(x) + η¯(x) · ψ(x)
+ψ¯(x) · η(x)]]|η=η¯=0 (43)
where Z[0] is the generating functional in QED in the absence of any external sources.
By change of variables we find
< 0|ψ¯(X2)UC1 [X2, X1]ψ(X1)ψ¯(X4)UC1 [X4, X3]ψ(X3)|0 >
=
1
Z[0]
∫
[dAˆ]
δ
δη(X2)
UC1 [X2, X1]
δ
δη¯(X1)
δ
δη(X4)
UC2 [X4, X3]
δ
δη¯(X3)
×exp[i
∫
d4x
∫
d4yη¯(x)S(x, y, Aˆ)η(y)]× exp[i
∫
d4x[−
1
4
Fˆνµ(x)Fˆ
νµ(x)−
1
2α
[∂νAˆν(x)]
2]]
×
∫
[dψ¯][dψ]exp[i
∫
d4x[ψ¯(x)[i6 ∂ −m− eAˆ/(x)]ψ(x)]]|η=η¯=0 (44)
where the S(x, y, Aˆ) is given by
[i6 ∂ −m− eAˆ/(x)]S(x, y, Aˆ) = δ(4)(x− y). (45)
By performing the gaussian integration of the fermion fields in eq. (44) we find
< 0|ψ¯(X2)UC1 [X2, X1]ψ(X1)ψ¯(X4)UC2 [X4, X3]ψ(X3)|0 >=
1
Z[0]
∫
[dAˆ]Tr[S(X3, X2, Aˆ)UC1 [X2, X1]
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S(X1, X4, Aˆ)UC2 [X4, X3]]× exp[i
∫
d4x[−
1
4
Fˆνµ(x)Fˆ
νµ(x)−
1
2α
[∂νAˆν(x)]
2]]× det[i6 ∂ −m− eAˆ/(x)].
(46)
Since we will be considering the potential energy at the large separation distance the fermion
loop contributions are small at the large distance. Hence we will put det[i6 ∂−m−eAˆ/(x)] = 1
in eq. (46) which gives
< 0|ψ¯(X2)UC1 [X2, X1]ψ(X1)ψ¯(X4)UC2 [X4, X3]ψ(X3)|0 >=
1
Z ′[0]
∫
[dAˆ]Tr[S(X3, X2, Aˆ)UC1 [X2, X1]
S(X1, X4, Aˆ)UC2 [X4, X3]]× exp[i
∫
d4x[−
1
4
Fˆνµ(x)Fˆ
νµ(x)−
1
2α
[∂νAˆν(x)]
2]] (47)
where Z ′[0] is obtained from Z[0] by putting det[i6 ∂ −m− eAˆ/(x)] = 1.
From eq. (45) we find
i∂0S(x, y, Aˆ) + i~α · ~∇S(x, y, Aˆ) = γ
0δ(4)(x− y) + [eAˆ0(x)− e~α · ~ˆA(x) + γ
0m]S(x, y, Aˆ)
(48)
which can be solved as follows. The solution of the partial differential equation
A∂0f +B∂1f + C∂2f +D∂3f = H (49)
is given by
dt
A
=
dx1
B
=
dx2
C
=
dx3
D
=
df
H
= K (50)
which can be seen by comparing with the equation
dt∂0f + dx1∂1f + dx2∂2f + dx3∂3f = df. (51)
Hence we find from eq. (48) that
i
dS(x, y, Aˆ)
dt
= γ0δ(4)(x− y) + [e
dxµ
dt
Aˆµ(x) + γ
0m]S(x, y, Aˆ). (52)
For the electron and positron at rest separated by a large distance the constant mass m term
contributes to a constant part of the energy so that it does not contribute to the potential
energy. This implies that we can drop the mass m term in eq. (52) to obtain the potential
energy between the electron and positron at rest separated by a large distance. Hence by
dropping the mass m term in eq. (52) we find
i
dS(x, y, Aˆ)
dt
− e
dxµ
dt
Aˆµ(x)S(x, y, Aˆ) = γ
0δ(4)(x− y). (53)
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Since eq. (53) is an ordinary differential equation we find the solution
iS(X, Y, Aˆ) = UC1 [ ~X, T ; ~Y , T ] γ
0δ(3)( ~X − ~Y ) (54)
where UC1 [ ~X1, T ; ~X2, T ] is the Wilson line in QED given by eq. (41). Using eq. (54) in (47)
we find
< 0|O†(T,R)O(0, R)|0 >=
N
Z ′[0]
∫
[dAˆ]UC [T,R]× exp[i
∫
d4x[−
1
4
Fˆνµ(x)Fˆ
νµ(x)−
1
2α
[∂νAˆν(x)]
2]]
(55)
where
UC [T,R] = e
−ie
∮
C
dxµAˆµ(x) (56)
is the Wilson loop in QED with C being the closed path of spatial (temporal) extension R
(T ) and N is a factor which is not important as it will cancel in the ratio in eq. (60).
Inserting a complete set of states we find in the Euclidean time
< 0|O†(T,R)O(0, R)|0 >=
∑
n
| < 0|O|Hn > |
2e−TEn(R) (57)
which for large time T →∞ gives
[< 0|O†(T,R)O(0, R)|0 >]T→∞ = | < 0|O|H > |
2e−TE(R). (58)
For electron and positron at rest we find
[< 0|O†(T,R)O(0, R)|0 >]T→∞ = | < 0|O|H > |
2e−TV (R). (59)
Hence from eqs. (59) and (55) we find
V (R) = −
d
dT
ln
[
[
< UC [T
′ + T,R] >
< UC [T ′, R] >
]T ′→∞
]
(60)
where
< UC [T,R] >=
∫
[dAˆ]UC [T,R]× exp[i
∫
d4x[−1
4
Fˆνµ(x)Fˆ
νµ(x)− 1
2α
[∂νAˆν(x)]
2]]∫
[dAˆ]× exp[i
∫
d4x[−1
4
Fˆνµ(x)Fˆ νµ(x)−
1
2α
[∂νAˆν(x)]2]]
. (61)
Since the QED potential energy V (R) of static electron and positron separated by a large
distance R is independent of time T we find from eq. (60) that
V (R) = −
1
T
ln < UC [T,R] > |T→∞ (62)
which reproduces eq. (39).
13
IV. CORRECT DEFINITION OF THE QCD POTENTIAL FROM THEWILSON
LOOP
The Wilson loop in QCD is given by
WC [T,R] = TrPe
igT d
∮
C
dxν Aˆdν(x) (63)
where Aˆaµ(x) is the gluon field and C is the closed path of spatial extension R and temporal
extension T . Similar to the photon case in eq. (30) the expectation of the Wilson loop for
the gluon case is given by
< WC [T,R] >=< TrPe
igT d
∮
C
dxν Aˆdν(x) >
=
∫
[dAˆ][TrPeigT
a
∮
C
dxµAˆaµ(x)]× det[ δ∂
ν Aˆbν
δωc
]× exp[i
∫
d4x[−1
4
Fˆ aνµ(x)Fˆ
νµa(x)− 1
2α
[∂νAˆaν(x)]
2]]∫
[dAˆ]det[ δ∂
ν Aˆbν
δωc
× exp[i
∫
d4x[−1
4
Fˆ aνµ(x)Fˆ
νµa(x)− 1
2α
[∂νAˆaν(x)]
2]]
(64)
where α is the gauge fixing parameter and Fˆ aνµ(x) is the non-abelian gluon field tensor given
by eq. (6).
From eq. (30) one finds that the current density jµ(x) in eq. (33) satisfies the continuity
equation (34) which means the current density in eq. (33) is an admissible current density
in the Maxwell theory. Similarly, from eq. (64), if one defines the color current density of
the form
jaµ(x) = gT
a
∮
C
dyµδ
(4)(x− y) (65)
then this color current density is not an admissible color current density in the Yang-Mills
theory because the T a is a matrix but the color current density jaµ(x) in the Yang-Mills
theory should not be a matrix. Note that the trace is taken in eqs. (63) and (64) but the
trace of jaµ(x) is zero in eq. (65) which means it is not straightforward to find an interaction
action of the form
∫
d4xjaµ(x)A
µa(x) from eq. (64) for the gluon case although it was easy
for the photon case in eq. (32) in the Maxwell theory.
Hence it is not straightforward to prove that the expectation < TrPeigT
a
∮
C
dxµAˆaµ(x) > of
the Wilson loop in QCD in eq. (64) correctly predicts the interaction energy in QCD.
In this section we will obtain the correct definition of the QCD potential energy
between quark and antiquark separated by a large distance from the expectation <
TrPeigT
a
∮
C
dxµAˆaµ(x) > of the Wilson loop in QCD.
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A. Correct Definition of The QCD Potential Energy From The Wilson Loop
Consider the gauge invariant operator in QCD
O(X1, X2) = ψ¯(X2)WC1 [X2, X1]ψ(X1) (66)
where ψ(x) is the Dirac field of the quark and WC1 [X1, X2] is the Wilson line in QCD given
by
WC1 [X2, X1] = Pe
igT d
∫ X2
X1
dxνAˆdν(x) (67)
where C1 is the path joining the points X1 and X2.
Let us evaluate the vacuum expectation of the gauge invariant correlation function of the
type < 0|O(X1, X2)O(X3, X4)|0 > in QCD where the gauge invariant operator O(X1, X2)
is given by eq. (66) and |0 > is the vacuum state of the full QCD. The suppression of color
indices are understood.
We find
< 0|O(X1, X2)O(X3, X4)|0 >=< 0|ψ¯(X2)WC1 [X2, X1]ψ(X1)ψ¯(X4)WC2 [X4, X3]ψ(X3)|0 >
=
1
Z[0]
∫
[dAˆ][dψ¯][dψ]ψ¯(X2)WC1 [X2, X1]ψ(X1)ψ¯(X4)WC2 [X4, X3]ψ(X3)× det[
δ∂νAˆbν
δωc
]
×exp[i
∫
d4x[−
1
4
Fˆ aνµ(x)Fˆ
νµa(x)−
1
2α
[∂νAˆaν(x)]
2 + ψ¯(x)[i6 ∂ −m+ gT aAˆ/
a
(x)]ψ(x)]] (68)
which gives
< 0|ψ¯(X2)WC1 [X2, X1]ψ(X1)ψ¯(X4)WC2 [X4, X3]ψ(X3)|0 >
=
1
Z[0]
∫
[dAˆ]
δ
δη(X2)
WC1 [X2, X1]
δ
δη¯(X1)
δ
δη(X4)
WC2 [X4, X3]
δ
δη¯(X3)
×det[
δ∂νAˆbν
δωc
]× exp[i
∫
d4x[−
1
4
Fˆ aνµ(x)Fˆ
νµa(x)−
1
2α
[∂νAˆaν(x)]
2]]×
∫
[dψ¯][dψ]
exp[i
∫
d4x[ψ¯(x)[i6 ∂ −m+ gT aAˆ/
a
(x)]ψ(x) + η¯(x) · ψ(x) + ψ¯(x) · η(x)]]|η=η¯=0 (69)
where Z[0] is the generating functional in QCD in the absence of any external sources.
By change of variables we find
< 0|ψ¯(X2)WC1 [X2, X1]ψ(X1)ψ¯(X4)WC2 [X4, X3]ψ(X3)|0 >
=
1
Z[0]
∫
[dAˆ]
δ
δη(X2)
WC1 [X2, X1]
δ
δη¯(X1)
δ
δη(X4)
WC2 [X4, X3]
δ
δη¯(X3)
× det[
δ∂νAˆbν
δωc
]
×exp[i
∫
d4x
∫
d4yη¯(x)S(x, y, Aˆ)η(y)]× exp[i
∫
d4x[−
1
4
Fˆ aνµ(x)Fˆ
νµa(x)−
1
2α
[∂νAˆaν(x)]
2]]
×
∫
[dψ¯][dψ]exp[i
∫
d4x[ψ¯(x)[i6 ∂ −m+ gT aAˆ/
a
(x)]ψ(x)]]|η=η¯=0 (70)
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where the S(x, y, Aˆ) is given by
[i6 ∂ −m+ gT aAˆ/
a
(x)]S(x, y, Aˆ) = δ(4)(x− y). (71)
By performing the gaussian integration of the fermion fields in eq. (70) we find
< 0|ψ¯(X2)WC1 [X2, X1]ψ(X1)ψ¯(X4)WC2 [X4, X3]ψ(X3)|0 >
=
1
Z[0]
∫
[dAˆ]Tr[S(X3, X2, Aˆ)WC1 [X2, X1]S(X1, X4, Aˆ)WC2 [X4, X3]]× det[
δ∂νAˆbν
δωc
]
×exp[i
∫
d4x[−
1
4
Fˆ aνµ(x)Fˆ
νµa(x)−
1
2α
[∂νAˆaν(x)]
2]]× det[i6 ∂ −m+ gT aAˆ/
a
(x)]. (72)
Since we will be considering the potential energy at the large separation distance the
fermion loop contributions are small at the large distance. Hence we will put det[i6 ∂ −
m+ gT aAˆ/
a
(x)] = 1 in eq. (72) which gives
< 0|ψ¯(X2)WC1 [X2, X1]ψ(X1)ψ¯(X4)WC2 [X4, X3]ψ(X3)|0 >
=
1
Z ′[0]
∫
[dAˆ]Tr[S(X3, X2, Aˆ)WC1 [X2, X1]S(X1, X4, Aˆ)WC2 [X4, X3]]
×det[
δ∂νAˆbν
δωc
]× exp[i
∫
d4x[−
1
4
Fˆ aνµ(x)Fˆ
νµa(x)−
1
2α
[∂νAˆaν(x)]
2]] (73)
where Z ′[0] is obtained from Z[0] by putting det[i6 ∂ −m+ gT aAˆ/
a
(x)] = 1.
From eq. (71) we find
i∂0S(x, y, Aˆ) + i~α · ~∇S(x, y, Aˆ) = γ
0δ(4)(x− y)− [gT aAˆa0(x)− gT
a~α · ~ˆA
a
(x) + γ0m]S(x, y, Aˆ).
(74)
For the quark and antiquark at rest separated by a large distance the constant mass m term
contributes to a constant part of the energy so that it does not contribute to the potential
energy. This implies that we can drop the mass m term in eq. (74) to obtain the potential
energy between the quark and antiquark at rest separated by a large distance. Hence by
dropping the mass m term in eq. (74) we find
i∂0S(x, y, Aˆ) + i~α · ~∇S(x, y, Aˆ) = γ
0δ(4)(x− y)− [gT aAˆa0(x)− gT
a~α · ~ˆA
a
(x)]S(x, y, Aˆ).
(75)
which can be solved as follows.
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The solution of the partial differential equation in eq. (49) can be obtained from eq. (50)
[see eq. (51)] which means we find from eq. (75)
i
dS(x, y, Aˆ)
dt
+ gT a
dxµ
dt
Aˆaµ(x)S(x, y, Aˆ) = γ
0δ(4)(x− y). (76)
Since eq. (76) is an ordinary differential equation [similar to the eq. (53) in QED] we find
from eq. (76) the solution
iS(X, Y, Aˆ) =WC1 [
~X, T ; ~Y , T ] γ0δ(3)( ~X − ~Y ) (77)
where WC1 [ ~X, T ; ~Y , T ] is the Wilson line in QCD given by eq. (67). Using eq. (77) in (73)
we find
< 0|O†(T,R)O(0, R)|0 >=
N ′
Z ′[0]
∫
[dAˆ]WC [T,R]× det[
δ∂νAˆbν
δωc
]
×exp[i
∫
d4x[−
1
4
Fˆ dνµ(x)Fˆ
νµd(x)−
1
2α
[∂νAˆν(x)]
2]] (78)
where
WC [T,R] = TrPe
igT d
∮
C
dxν Aˆdν(x) (79)
is the Wilson loop in QCD with C being the closed path of spatial (temporal) extension R
(T ) and N ′ is a factor which is not important as it will cancel in the ratio in eq. (83).
Inserting a complete set of states we find in the Euclidean time
< 0|O†(T,R)O(0, R)|0 >=
∑
n
| < 0|O|Hn > |
2e−
∫
dTEn(T,R) (80)
which for the large time T →∞ gives
[< 0|O†(T,R)O(0, R)|0 >]T→∞ = | < 0|O|H > |
2e−
∫
dTE(T,R) (81)
where
∫
dT is an indefinite integration. For quark and antiquark at rest we find
[< 0|O†(T,R)O(0, R)|0 >]T→∞ = | < 0|O|H > |
2e−
∫
dTV (T,R). (82)
Hence from eqs. (82) and (78) we find
V (T,R) = −
d
dT
ln
[
[
< WC [T
′ + T,R] >
< WC [T ′, R] >
]T ′→∞
]
(83)
which is the correct definition of the QCD potential energy V (T,R) between static quark
and antiquark separated by a large distance R obtained from the Wilson loop in QCD where
< WC [T,R] > is given by eq. (5). The eq. (83) reproduces eq. (3).
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V. CONCLUSIONS
The static Coulomb potential energy between the electron and positron at rest separated
by a large distance R obtained from the Wilson loop in QED is same as the Coulomb
potential energy obtained in the classical Maxwell theory. Since the Yang-Mills theory was
discovered by making analogy with the Maxwell theory by extending U(1) group to the
SU(3) group one finds by making analogy with the QED that the QCD potential energy
between the quark and antiquark at rest separated by a large distance R obtained from the
Wilson loop in QCD is the same potential energy obtained in the classical Yang-Mills theory.
This implies that the static QCD potential energy V (R) obtained at the large separation
distance R in the literature is not consistent with the classical Yang-Mills theory because
the potential energy V (T,R) in the classical Yang-Mills theory is time T dependent even if
the quark and antiquark are at rest. In this paper we have found the correct definition of the
QCD potential energy V (T,R) from the Wilson loop in QCD which, at the large separation
distance R, is consistent with the classical Yang-Mills theory.
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